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êÆÏ"´'u�Å¯��(J�ýÏ;

�X�m�í£±9&E�O\, ýÏ�¬UC, ùÒ´^�Ï".

1 2.1 ! ^�Ï"

�!ò½Â�ÅCþ'u¯���^�êÆÏ".

• 3�Ñ��½Â�c, kl{ü�|Ü�Ñ½Â.
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^�VÇ�^�Ï"

�½VÇ�m (Ω,F ,P). �Ä¯� A,B ∈ F : P(A) > 0,

5. (1) ^�VÇ P(B |A) :=
P(B ∩ A)

P(A)
.

(2) VÇ P(B) ��±w¤Ï" E[1B ].

½Â3¯� A u)�^�e, �ÅCþ X �Ï"�

E[X |A] = E[X1A]

P(A)
,

¡�^�Ï". 

P(X = xi |A)

¡�^�©Ù (^�©Ù�´��©Ù).
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^�Ï"�^�©Ù�'X

• ^�Ï"�u^�©Ù�Ï", =\�²þ:

E[X |A] = ∑
i

xiP(X = xi |A).
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~ 2.1.2 � X ∼ P(λ), Y ∼ P(ρ), (λ, ρ > 0): �pÕá.
¦3 X + Y = n �^�e X �Ï".

). Äk

P(X + Y = n) = e−(λ+ρ) (λ + ρ)n

n!
, n ≥ 0,

íÑé?¿ k ≤ n,

P(X = k |X + Y = n)

=
n!λkρn−k

k !(n− k)!(λ + ρ)n
.

�Ò´`,

X |X + Y = n ∼ B(n,
λ

λ + ρ
).

�â��©Ù�5�k E[X |X + Y = n] =
λn

λ + ρ
. ]
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lÑ.�ÅCþ�^�Ï"

(dþ~,) e X ,Y Ñ´lÑ., K^ E[Y |X ] L«Xe�ÅCþ:

§3 X = x ����^�Ï" E[Y |X = x ],

¡��ÅCþ Y 'u X �^�Ï".

• Ón, ^�Ï" E[Y |X ] �´^�©Ù P(Y = y |X ) �Ï":

E[Y |X ] = ∑
y

yP(Y = y |X ),

Ù¥^�©Ù P(Y = y |X ) 3 X = x ��u

P(Y = y |X = x) =
P(Y = y ,X = x)

P(X = x)
.
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�VÇúª→�Ï"úª

5. b� {Bi , i = 1, 2, · · · , n} ´ Ω ���y©, =

BiBj = ∅, i 6= j � Ω =
n⋃
i

Bi ,

K

P(A) =
n

∑
i=1

P(A|Bi )P(Bi ).

• éu�ÅCþ Y , kXeúª(�¡¡��Ï"úª):

E[Y ] =
n

∑
i=1

E[Y |Bi ]P(Bi ).
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~ 2.1.3 c3kn����û¥,
· XJÀ1���, ÷ 2 ���Ò�±Ñ�
;
· XJÀ1���, ÷ 1 ����£��/;
· XJÀ1n��, ÷ 3 ����£��/.

(1) XJ´�äc, zg�ù�/�Ñ�ÅÀ���, ¯²þI�
õ��m÷Ñ�?

(2) XJ´�h²c, �cÀL��Ø2À, ¯²þI�õ��m
÷Ñ�?
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). (1) ^ Y L«�cÑ�¤I�m. X ´À��. @o

E[Y |X = 1] = 2, E[Y |X = 2] = 1+ E[Y ],

E[Y |X = 3] = 3+ E[Y ].

Ïd

E[Y ] = E[E[Y |X ]] =
1

3
(2+ 1+ E[Y ] + 3+ E[Y ]),

�� E[Y ] = 6.
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(2) h²cUÀ��^Ske¡��U: 1, 21, 31, 321, 231,
VÇ©O�

1/3, 1/6, 1/6, 1/6, 1/6.

�

E[Y |1] = 2, E[Y |21] = 3, E[Y |31] = 5,

E[Y |321] = E[Y |231] = 6.

Ïd

E[Y ] = 2/3+ 3/6+ 5/6+ 6/6+ 6/6 = 4.

h²c²þ�r 2 ���. ]
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5. ^�Ï" E[Y |X ] 3¯� X = x þ���´ E[Y |X = x ].

~X, e X ���´ {x1, x2, · · · , xn}, K

E[Y |X ] =
n

∑
i=1

E[Y |X = xi ]1{X=xi } ,

ü>¦Ï", Kk

E (E[Y |X ]) =
n

∑
i=1

E[Y |X = xi ]P(X = xi ) = E[Y ].

�/­Ï"úª

E (E[Y |X ]) = E[Y ].

: ©a²þ2²þ�uo�²þ.

School of Mathematics, SHUFE 1�Ù �ÅL§ý��£



^�©Ù�^�Ï"
�o´�ÅL§

^�VÇ�^�Ï"
¯����ÿ5
n)^�Ï"
^�Ï"�5�

~ 2.1.4 l��Ck a �x¥� b �ç¥��f A ¥�Å/
Ø�£<Ñ n �¥, �\,	���f B ¥�!,
2l B ¥�Ñ m �¥, ¦x¥ê�Ï".

5. l B ¥�Ñ m �¥¥�x¥êP� Y ,
A �¥�� n �¥, Ù¥x¥ê�´�ÅCþ, P� X ,
Kd�AÛ©Ù�Ï"úª,

E[Y |X ] =
mX

n
.
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). ^ X ,Y ©OL«l A, B �¥�Ñ�x¥ê, K

E[Y |X ] =
mX

n
.

Ïd
E[Y ] = E[E [Y |X ]] =

m

n
E[X ].

2^�AÛ©Ù�Ï"úª, íÑ

E[Y ] =
m

n
E[X ] =

m

n

an

a+ b
=

am

a+ b
.

(ù�L§�*!{ü.) ]
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~ 2.1.5 �f A, B ¥©Ok n �x¥Ú n �ç¥, zg���¥�
�, ¦ k g���� A ¥�x¥ê�Ï".

). ^ Xi L« i g���� A ¥�x¥ê, i ≥ 1. K X0 = n �

P(Xi = j − 1|Xi−1 = j) =
j2

n2
,

P(Xi = j |Xi−1 = j) =
2j(n− j)

n2
,

P(Xi = j + 1|Xi−1 = j) =
(n− j)2

n2
.
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^�Ï"�

E[Xi |Xi−1 = j ] = (j − 1)
j2

n2
+ j

2j(n− j)

n2
+ (j + 1)

(n− j)2

n2

= (1− 2

n
)j + 1.

Ïd
E[Xi |Xi−1] = (1− 2/n)Xi−1 + 1.

,�é?¿ i ≥ 1, ��4í
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E[Xi ] = (1− 2/n)E[Xi−1] + 1 = (1− 2/n)[(1− 2/n)E[Xi−2] + 1] + 1

= · · ·

= (1− 2/n)iE[X0] +
i−1
∑
j=0

(1− 2/n)j

= (1− 2/n)in+
1− (1− 2/n)i

2/n
=

n

2
(1+ (1− 2/n)i ),

��

E[Xk ] =
n

2
[1+ (1− 2/n)k ].

]
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ëY.�ÅCþ�^�Ï"

�ëY. (X ,Y ) ∼ p(x , y), >��Ý¼ê©O� pX (x), pY (y),

• ®� X = x �, Y �^��Ý¼ê´ p(y |x) = p(x ,y )
pX (x)

, P� P(Y ∈ dy |X = x) = p(y |x)dy .

^�Ï" E[Y |X = x ] ´^��Ý¼ê�Ï":

E[Y |X = x ] =
∫
R
yp(y |x)dy =: f (x) (:�*/ª.)

Kk^�Ï"�½ÂXe:

E[Y |X ] := f (X ).
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~ 2.1.6 b����� s �&Òl � A uÑ, 3 � B ��Â�
�&Ò�Ñlëê´ (s, 1) ���©Ù.
2b�l � A uÑ�&Ò S Ñlëê´ (µ, σ2) ���
©Ù, 3 � B ��Â��&Ò� R = r ,
Ké � A uÑ�&Ò���`ýÿ�õ�?
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). Äk, O��½ R �^�e S �^��Ý¼ê

fS |R(s |r) =
fS (s)fR |S (r |s)

fR(r)
= C ′e−(s−µ)2/2σ2

e−(r−s)
2/2,

Ù¥, C ′ � s Ã'. 


(s − µ)2

2σ2
+

(r − s)2

2
= s2(

1

2σ2
+

1

2
)− (

µ

σ2
+ r)s + C1

=
1+ 2σ2

2σ2

(
s − µ + rσ2

1+ σ2

)2

+ C2,

Ù¥, C1,C2 � s Ã'. ¤±
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fS |R(s |r) = C exp

{
−
(
s − µ + rσ2

1+ σ2

)2

� 2σ2

1+ 2σ2

}
,

Ù¥, C � s Ã'. �±ä½3�Â&Ò� r �½��¹e, Uì
��zþ�Ø��K, éuÑ&Ò��`ýÿ´

E[S |R = r ] =
1

1+ σ2
µ +

σ2

1+ σ2
r .

þªL²^�Ï"�u

&Ò�k�þ� µ ��É&Ò r �\�²þ,

Ù�g��­�'� 1 : σ2.
]
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~ 2.1.7 (Bayes �O)
����þ!�M1 n g, �M1�¡�þVÇ´ θ, X ´
�¡gê, @o

p(x |θ) = C x
n θx (1− θ)n−x , 0 ≤ x ≤ n.

�â Bernoulli �ê½Æ, XJ*	� X = x , @o

θ ��O´�¡�ªÇ x/n.

yb� θ �k�©Ù´ U(0, 1), ¦ θ � Bayes �O.
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¯��´©a

�!Ò{ü�¯��n)�ÿ5�Vg.

• ©a: r��8Ü©
�p½�f8.

'X, Ûó, 5O, I[, ��Ñ´©a.

z�f8�À�©¬.

©a¿�X&E.

• ���m Ω ´��8Ü,
¯�� G: ���m÷v,
^��f8|¤�8Ü,

��þ��u� Ω ©a.

lù�¿Â`, ¯��Ò´&E.
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�ÅCþp��¯��

5. �Ä X � n �� x1, · · · , xn, P

Bi = {X = xi}, i = 1, 2, · · · , n : X �Ñ�©a,

� X �±L«�

X = x11B1 + x21B2 + · · ·+ xn1Bn .

P
σ(X ): �ÅCþ X ¤p��¯��,

aq�éu k ≥ 2, P σ(X1, · · · ,Xk):

�ÅCþ X1, · · · ,Xk U\3�å�Ñ�¯��,

w,�ö´'cö�[�©a.
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£� (þ!~) �þk 6 �Æ), ?Ò©O´ 1 ∼ 6 Ò, Ù¥

1 ∼ 4 Ò´I), 5 ∼ 6 Ò´å),

1, 2, 6 Ò�úº, 3, 4, 5 ÒØ�úº.

?��¶Æ),

X =

{
0, å),
1, I),

Y =

{
0, Ø�úº,
1, �úº,

�Ñσ(X ), σ(Y ), σ(X ,Y ).
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�ÿ5

� X ´ (Ω,F ,P) þ��ÅCþ, G ⊂ F .

½Â 2.1.1

XJé?Û¢ê x , k

{X ≤ x} ∈ G,

K¡ X 'u G �ÿ.

5. X 'u G �ÿ�*þÒ´, X ØU«O G �©a, ½ö`,

X ´Äu&E G �L�.
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·K 2.1.1

Y 'u σ(X ) �ÿ��=� Y ´ X �¼ê, =�3¼ê f ¦�

Y = f (X ).

aq/, e Y 'u σ(X1, · · · ,Xk) �ÿ, K�3õ�¼ê f , ¦�

Y = f (X1, · · · ,Xk).

ù�, ²~` Y �6u X1, · · ·Xk .

• �ÿ5Ò´�65. ¯��´©a.

• 'u,�¯���ÿ´�, �ÅCþ3T¯���©¬þØ
�«O.
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5. �ÅCþ Y 'u��lÑ�ÅCþ X �^�Ï"

E[Y |X ] = ∑
xi∈R(X )

E[Y |X = xi ]1{X=xi}.

Ù¥, R(X ) ´ X ���.

aq�, �¯�� G = σ({Bi , i ≥ 1}), Ù¥ Bi , i ≥ 1 pØ��,

½Â Y 'u G �^�Ï" E[Y |G]:

E[Y |G] := ∑
i

E[Y |Bi ]1Bi
,

´��'u G �ÿ��ÅCþ.

¯K: T�ÅCþ E[Y |G] kÛAO�?í?
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Claim:

^�Ï" E[Y |G] ´

¤k'u G �ÿ��ÅCþ¥l Y �C���,

½öÏ�/`, ´Äu G (&E)é Y ��Zýÿ.

• ��þ, �ÅCþ����Å, ¤U��´

Äu®k�&E¦�UO(/ýÿ.
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ÀJål

Ú\ü��ÅCþ�ål:

||X − Y || :=
√

E[(X − Y )2] (: L2 −ål).

'X, E[Y ] ´¤k~ê¥l Y �C�.

5. (������'�)

E[(Y −E[Y |G])1Bi
] = 0, ∀i ≥ 1.

��du,

E[(Y −E[Y |G])1A] = 0, ∀A ∈ G.
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�Zýÿ

½n 2.1.1

^�Ï" E[Y |G] ´'u G �ÿ��ÅCþ¥l Y �C�@�,

½ö`, ´Äu G é Y ��Zýÿ.

AO�, e Y ��´ G �ÿ�, Kl§�C�Ò´§gC:

E[Y |G] = Y .
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^�Ï"�¿Â

½n 2.1.2

ξ ´ Y 'u G �^�Ï"��=�:

(1) ξ ´'u G �ÿ�;

(2) é?Û A ∈ G k

E[(Y − ξ)1A] = 0.
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^�Ï"�5�

(1) �55:

E[c1Y1 + c2Y2|G] = c1E[Y1|G] + c2E[Y2|G].

(2) üN5:
e X ≤ Y , K E[X |G] ≤ E[Y |G].

(3) �Ï"úª:
E[E[Y |G]] = E[Y ].

(4) XJ Y , Z ´�ÅCþ, � Z ´ G �ÿ��ÅCþ, @o

E[ZY |G] = ZE[Y |G].
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¤¢ X � G Õá´�, é?Û A ∈ G, X � 1A Õá.

(5) e X � G Õá, K E[X |G] = E[X ], AO�,

E[X |{∅,Ω}] = E[X ].

(6) � G1,G2 ´f¯��, � G1 ⊂ G2. @o

E[E[Y |G1]|G2] = E[E[Y |G2]|G1] = E[Y |G1].

i.e.,
o�ýÿ�[�ýÿ´�N�, ´�Ï"úª�í2.
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(7) {ü�&E��{ü�ýÿ, ���&E�����ýÿ:

E[Y |{∅,Ω}] = E[Y ], E[Y |F ] = Y .

(8) Jensen Ø�ª:
e φ ´à¼ê, = φ′′ ≥ 0, ¿� φ(ξ) �È, K

φ(E[ξ|G]) ≤ E[φ(ξ)|G].

School of Mathematics, SHUFE 1�Ù �ÅL§ý��£



^�©Ù�^�Ï"
�o´�ÅL§

^�VÇ�^�Ï"
¯����ÿ5
n)^�Ï"
^�Ï"�5�

~ 2.1.9 (����©Ù)

(X ,Y ) ∼ p(x , y) =
1

2π
√
1− r2

exp

(
−x2 − 2rxy + y2

2(1− r2)

)
,

�½ X = x �^��Ý

p(y |x) = p(x , y)

pX (x)
=

1√
2π(1− r2)

exp

(
−x2 − 2rxy + y2

2(1− r2)
+

x2

2

)
=

1√
2π(1− r2)

exp

(
− r2x2 − 2rxy + y2

2(1− r2)

)
=

1√
2π(1− r2)

exp

(
− (y − rx)2

2(1− r2)

)
↔ N(rx , 1− r2),

¤± E[Y |X = x ] = rx , î�/ E[Y |X ] = rX .
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,). Ï� X ,Y ´IOz������ r , ¤±

E[(Y − rX )X ] = 0,

= Y − rX � X Ø�'. du X ,Y ´éÜ���, �


Y − rX � X Õá,

d^�Ï"�5�

E[Y − rX |X ] = E[Y − rX ] = 0,

2A^^�Ï"5��

E[Y |X ] = E[rX |X ] = rX .

]
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~ 2.1.10 � X = {Xn, n ≥ 1} ´��ÕáÓ©Ù��ÅS�,
N ´�K�ê���ÅCþ�� X �pÕá, ¦

�ÅÚ Y :=
N

∑
i=1

Xi �Ý1¼ê, Ï"±9��.

). ké?¿ n,

E[etY |N = n] = E[et ∑N
i=1 Xi |N = n] = E[et ∑n

i=1 Xi |N = n]

=E[et ∑n
i=1 Xi ] = (ψX (t))

n,

¤±

ψY (t) := E[etY ] = E[E[etY |N ]]

= E[(ψX (t))
N ].
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l
¦���

ψ
′
Y (t) = E[N(ψX (t))

N−1ψX (t)],

ψ
′′
Y (t) = E[N(N − 1)(ψX (t))

N−2(ψ
′
X (t))

2

+N(ψX (t))
N−1(ψ

′′
X (t))].

� t = 0 �¦�

EY = E[NEX1] = EN ·EX1 (: Wald �ª),

EY 2 = EN ·D(X1) + EX 2
1 · (EX1)

2,

D(Y ) = EN ·D(X1) + (EX1)
2 ·D(N).

]
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1 2.2 ! �ÅL§�Ä�Vg

�ÅL§´�x�ÅCþ�8Ü, ^u£ã��mCz��Åy
�. Ù~�Ã��:

• <�)¥�p�Cz;
• �¦3�U¥�d�Cz;
• , ,�U¥¯�<ê�Cz;
• ,´ã�U�6þ�Cz;
• þ°�cü�þ�Cz;

· · · · · ·
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�ÅL§�½Â

� (Ω,F ,P) ´��VÇ�m,
(E ,B(E )) ´���ÿ�m. T ´���I8.

½Â 2.2.1

eé?¿ t ∈ T , Xt ´ (Ω,F ) � (E ,B(E )) þ��ÿN�, K
¡ X = {Xt : t ∈ T} �

(Ω,F ,P) þ± E �G��m��ÅL§,

{¡ E -�L§½L§.

• � E ´¢ê½Eê�m�, ©O¡L§´¢�L§�E�L
§. ��§ïÄ�Ñ´cö.

• XJI�, r�ÅCþ½�Å�þÑw¤��ÅL§.
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ëê8 T ´

{
�õ���, K¡�lÑ�m;
��¢ê«m, K¡�ëY�m.

• �ÅL§U�I8ÚG��m©aXe:

1. lÑ�mlÑG�;

2. lÑ�mëYG�;

3. ëY�mlÑG�;

4. ëY�mëYG�.
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~ 2.2.1 (�ÅiÄ)
� {ξn : n ≥ 1} ´ÕáÓ©Ù� Bernoulli S�:

P(ξn = 1) = p, P(ξn = −1) = q, p, q ≥ 0, p + q = 1.

Bernoulli S���u`¯ü<^,«�½��{�5K?1
�X�Õá�ÙÆ.

5. ' Bernoulli S� {ξn : n ≥ 1} �k¿g�´e¡�L§:
4� 1 L«`I, ù�¦�� 1 �a;
� −1 L«`Ñ, ù�¦GÑ 1 �a.
P Sn � n gÙÆ�`¤Pk�Ù].
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?��ê��ÅCþ S0, -

Sn = S0 +
n

∑
i=1

ξi , n ≥ 1.

K {Sn : n ≥ 0} ¡��ÅiÄ½�Åir. XJ

S0 = x ∈ Z,

¡ {Sn, n ≥ 0} ´l x Ñu��ÅiÄ. �P� {Sx
n , n ≥ 0}.

]
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5º

^N�5L«

Xt(ω) : T ×Ω→ E ,´½Â3 T ×Ω þ���ü�¼ê.

◦ �½ t, Xt(·) ´�ÅCþ;

◦ �½ ω, Xt(·) ´ T þ�¼ê.

��§Ì�'5�´�ö, ¡���¼ê/��;�.
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��;�

ò�ÅL§�����N�Ä.

é?Û ω ∈ Ω, t 7→ Xt(ω) ´ T � E �N�,

¡�� ω ���;�.

�^��;�´éL§��gäN*ÿ(J.
~X,

• 3#ª¥w���¦½ö��r³Ò´��;�;

• ��s®3�NL¡�$Ä;,�´��;�.
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Ö¿~. ± N(t) L« (0, t] S�,�xúin��<ê, K
{N(t), t ≥ 0} ´ëY�mlÑG���ÅL§, G��m´

E = {0, 1, 2, · · · }.

b�Ø¬kü<½ü<±þÓ�n�, ^ ti L«1 i �<�
n��m, K��¼êXeã.

]
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��©Ù, ��©Ù

�ÄL§ X = {X (t), t ∈ T}.
éz��½� t ∈ T , �ÅCþ X (t) �©Ù¼ê� t k':

· é?¿ t ∈ T , x ∈ R, ¡ Ft(x) := P(X (t) ≤ x) � X ��
�©Ù¼ê;

· é?¿ s, t ∈ T , x , y ∈ R, ¡
Fs,t(x , y) := P(X (s) ≤ x ,X (t) ≤ y) � X ���©Ù¼ê.
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þ�¼ê����¼ê

• þ�¼ê m(t) := E[X (t)];

• þ�¼ê Ψ(t) := E[X 2(t)];

• ��¼ê σ2(t) := D(X (t));

• ���¼ê K (s, t) := cov(X (s),X (t)).

School of Mathematics, SHUFE 1�Ù �ÅL§ý��£



^�©Ù�^�Ï"
�o´�ÅL§

�ÅL§�½Â
��;�
�ÅL§�©Ù
~���ÅL§

�ÅL§�©Ù:

k��©Ù´ïÄ�ÅL§��åóä.

éu n ≥ 1, t1, t2, · · · , tn ∈ T , x1, x2, · · · , xn ∈ R, ¡

Ft1,t2,··· ,tn(x1, x2, · · · , xn)
:=P(X (t1) ≤ x1,X (t2) ≤ x2, · · · ,X (tn) ≤ xn)

��ÅL§ X ���k��©Ù¼ê.

Cz n 9 t1, t2, · · · , tn ¤� Ft1,t2,··· ,tn

éA�©Ù��N, ¡� X �k��©Ùx.

5. d�N5, Ï~��m�÷v t1 < t2 < · · · < tn.
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5. k��©Ùx��(½L§�ÚOA5, õ^unØïÄ.
���, ØÓ�ÅL§�Uk�Ó�k��©Ùx.

½Â 2.2.2

(1) b� X ,X ′ ´©O3VÇ�m (Ω,F ,P) Ú (Ω′,F ′,P′) þ,
k�Ó�G��m (E ,B(E )) ��I8 T ��ÅL§.
XJ§�k�Ó�k��©Ùx, =é?Û t1, · · · , tn ∈ T ,

(Xt1 , · · · ,Xtn) � (X ′t1 , · · · ,X
′
tn) Ó©Ù,

@o X , X ′ ¡�´�d� /Ó©Ù�.
ù��¡��´,�����.
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Gauss L§

e X = {X (t), t ∈ T} �k��©Ù´õ���©Ù, K¡ X ´
Gauss L§. ?�Ú/,
XJ EXt = 0, t ∈ T , ¡ X ´¥%z� Gauss L§.

~ 2.2.4 � ξ ∼ N(0, 1), é t ≥ 0, - Xt = ξt, K {Xt} ´��
²��È��ÅL§, �

EX 2
t = t2, K (t, s) = ts.

,	é t1, · · · , tn ∈ T , k��©Ù�A�¼ê´

ft1,··· ,tn(x) = exp

{
−1

2
xBxT

}
, x ∈ Rn,

´����©Ù. Ù¥, B = (t1, · · · , tn)T(t1, · · · , tn). ]
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Ö¿~. � {X (t), t ≥ 0} ´ Gauss L§, m(t) = t, K (t, s) = ts + 1,
¦ X (1),X (2),X (1) + X (2) �©Ù.

). du
σ2(t) = cov(X (t),X (t)) = t2 + 1,

¤± X (t) ∼ N(t, t2 + 1), AO�,

X (1) ∼ N(1, 2),X (2) ∼ N(2, 5).

´� (X (1),X (2)) Ñl��©Ù, l
 (X (1) + X (2)) �Ñ
l��©Ù,

D(X (1)+X (2)) = D(X (1))+D(X (2))+ 2cov(X (1),X (2)) = 13,

k X (1) + X (2) ∼ N(3, 13). ]
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²­L§

~ 2.2.5 XJ X = {X (t), t ∈ T} �?Ûk��©Ù´²£ØC�.
°(/`, T ´���m�+, =é\{µ4,
�é?Û t1, · · · , tn, t ∈ T , A1, · · · ,An ∈ E , k

P(Xt1+t ∈ A1, · · · ,Xtn+t ∈ An) = P(Xt1 ∈ A1, · · · ,Xtn ∈ An),

@o¡ X ´(î�)²­L§.
XJ X ´²��È�, � m(t) = EXt � t Ã',
���¼ê K ÷và5

K (s + h, t + h) = K (s, t),

@o¡ X �2Â (½°) ²­L§. ]
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ÕáOþL§

~ 2.2.7 ¡ X kÕáOþ, eéu?¿� n ≥ 1,
0 ≤ t0 < t1 < t2 < · · · < tn,

X (t0),X (t1)− X (t0), · · · ,X (tn)− X (tn−1) �pÕá.

=, L§3Ø�­U�«mþOþÕá.
?�Ú/,
eéu 0 ≤ s ≤ t,

Oþ X (t)− X (s) �©Ù��6u t − s,

K�²­ÕáOþL§. =,
L§3?¿ü:mOþ�©Ù=�6uùü:�m�ål. ]
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ê¼L§

~ 2.2.8 �ÅL§ X = {X (t), t ∈ T}, eäk:

Markov 5

é ∀n ≥ 1, ∀t1 < t2 < · · · < tn < tn+1, ∀A ∈ E ,

P(X (tn+1) ∈ A|X (t1), · · · ,X (tn)) = P(X (tn+1) ∈ A|X (tn)),

K¡ X �ê¼(Markov)L§.

5. ù�½Â´^�Ï"/ª�. ]
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�#L§

~ 2.2.9 {Xn} ´ÕáÓ©Ù�ÅX�, � P(Xn > 0) = 1,
- Sn = ∑n

i=1 Xi , @o

{Sn} ´²­ÕáOþL§,

2�§�mëY_

Yt := inf{n ≥ 0 : Sn > t}, t ≥ 0.

L§ Y = {Yt : t ≥ 0} ¡��#L§. ]

g�. �#L§��Ø´ê¼L§, �k

� Xi ∼ Exp(λ) �, �A� Y ´ê¼L§.
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